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Logbook

eThe logbook structure will follow the same structure as Previously explained " ' "
 in the first semester

‘Oﬂlﬂ the part of the second semester topics should be sumbitted.




Notes

For each lecture) | have created a program folder containing all the relevant
' code. Please avoid cutting and Pasting clirectlg from the PowerPoint slides,

as this may result in errors (not alwags). lnsteacL ensure you copy the code

, clirectly from the program folder.
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Overview Semester B

NUMERICAL METHODS AND ALGORITHMS
 Random Numbers

e Sorting algorithm

. *Numerical Differentiation

. *Root of a equations

~ »Bisection Method

»Newton Method

- »Secant Method

~ *Numerical Integration

- *Numerical integration of Ordinary Differential Equation (first order)
. eLinear Algebra

. »>Product of scalar with vectors/matrix

' >Product of two matrix

C++ Coding

. +Open, read and write a file in C++

. +Dynamical arrays




Task 4.2: Ditterentiate sin g

|.User mputs
eThe value of X (the Point where the derivative is aPProssimate)
eThe startiﬂg value of h
eThe number of iterations N=500 ol . 2—~CPP
Z.Out*:)ut
-Disp ay each iteration with aPProximation from all three methods

e Their corresponcling errors, value of h.
«Absolute and relative error

Write interation numbers and aPProximation to a fle

— T T e T T o e e P A ety ™A E e £ 8 — o

—(difference exercise_results txt).



Task 4.2: Ditterentiate sin g

Extra tasks-

. lclenthcﬂ which method Provicles the smallest error

eDetermine l’lOW t]"lC CITtor ClCCFCBSCS as h bccomes sma”er

Mocli?g h and N.

. h:O.ﬁ and N=500

eh=0.1 and N=2000
«Observe how the results ¢

Graphical rel:)resentation

-lmpor‘t the data from the f

e

le to Excel or using Matlabfython.

ber for the three ditferent methods.

Plot error vs iteration num
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#include <iostream>

#include <fstream>

#include <cmath> // For sin() function
#include <iomanip> // For setting precision

// Function to differentiate (changeable)
double function(double x) A{

return sin(x); // You can change this to any differentiable function
s

// Exact derivative of the function (changeable)
double exact derivative(double x) {

return cos(x); // Derivative of sin(x)
¥

// Forward difference method
double forward_difference(double x@, double h)
return (function(x® + h) - function(x@)) /

{
h;

}

// Backward difference method

double backward difference(double x@, double h) {
return (function(x@) - function(x®@ — h)) / h;

¥

// Central difference method
double central _difference(double x@, double h) {

return (function(x® + h) — function(x® - h)) / (2 x h);
s

// Function to calculate relative error

double relative_error(double approx, double exact) {
return fabs((approx - exact) / exact);

I3




int main() {
double x0, h_start, dh;
int num_iterations;

// User input for x@, starting h, and number of iterations
std::cout << "Enter the value of x0: ";

std::cin >> x0;

std::cout << "Enter the starting value of h: ";

std::cin >> h_start;

std::cout << "Enter the number of iterations: ";

std::cin >> num_iterations;

dh = h_start / num_iterations;

// Open file to write results

std::ofstream outfile("difference methods task2 results.csv');

if (loutfile.is_open()) {
std::cout << "Error: Unable to open file for writing." << std::endl;
return 1;

}

std::cout << std::fixed << std::setprecision(6);
outfile << "Iteration,h,Forward,Backward,Central,Error_Forward,Error_Backward,Error_Central,Rel Error_Forward,Rel Error_Backward,Rel Error_Central\n";

double exact = exact_derivative(x0);
double min_error_forward = INFINITY, min_error_backward = INFINITY, min_error_central = INFINITY;

// Loop for the specified number of iterations
double h = h_start;




for (int 1 = 1; i <= num_iterations; i++) {
double forward_approx = forward_difference(x0, h);
double backward_approx = backward_difference(x@, h);
double central_approx = central_difference(x@, h);

double error_forward = fabs(forward_approx - exact);
double error_backward = fabs(backward_approx — exact);
double error_central = fabs(central_approx - exact);

double rel_error_forward = relative_error(forward_approx, exact);
double rel_error_backward = relative_error(backward_approx, exact);
double rel_error_central = relative_error(central_approx, exact);

// Track minimum errors

if (error_forward < min_error_forward) min_error_forward = error_forward;

if (error_backward < min_error_backward) min_error_backward = error_backward;
if (error_central < min_error_central) min_error_central = error_central;

// Display the results on the screen

std::cout << "Iteration: " << 1 << ", h: " << h << "\n"
<< """ Forward Approximate: " << forward_approx << ', Error: " << error_forward << "\n"
<< " Backward Approximate: " << backward_approx << ", Error: " << error_backward << "\n"
<< " Central Approximate: " << central_approx << ", Error: " << error_central << "\n";

// Write the approximations and errors to the CSV file

outfile << i << "," << h << "," << forward_approx << "," << backward_approx << "," << central_approx
<< ", " << error_forward << "," << error_backward << "," << error_central
<< " " << rel _error_forward << "," << rel_error_backward << "," << rel_error_central << "\n";

h —= dh; // Decrease h by dh for the next iteration
s

outfile.close();

// Summary of minimum errors

std::cout << "\nSummary of Minimum Errors:" << std::endl;

std::cout << " Minimum Forward Error: " << min_error_forward << std::endl;
std::cout << " Minimum Backward Error: " << min_error_backward << std::endl;
std::cout << " Minimum Central Error: " << min_error_central << std::endl;

std::cout << "Results have been written to difference_methods task2 results.csv" << std::endl;

return 0;
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int main() {
double degrees, x0, h_start, dh;
int num 1terations;

// User input for angle in degrees
std::cout << "Enter the angle 1n degrees: ",
std::cin >> degrees;

// Convert degrees to radians
X0 = degrees *x (M_PI / 180.0);




® Error Foward
® Error Backward

® Error Central




Overview Semester B

NUMERICAL METHODS AND ALGORITHMS
 Random Numbers

e Sorting algorithm

. *Numerical Differentiation

. *Root of a equations

~ »Bisection Method

»Newton Method

- »Secant Method

~ *Numerical Integration

- *Numerical integration of Ordinary Differential Equation (first order)
. eLinear Algebra

. »>Product of scalar with vectors/matrix

' >Product of two matrix

C++ Coding

. +Open, read and write a file in C++

. +Dynamical arrays
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ToPic for this session

NUMERICAL METHODS AND ALGORITHMS

* Random Numbers

e Sorting algorithm

*Numerical Differentiation (higher-order)

*Root of a equations

»Bisection Method

»Newton Method

»Secant Method

- *Numerical Integration

*Numerical integration of Ordinary Differential Equation (first order)

~ «Linear Algebra

- »Product of scalar with vectors/matrix

- »Product of two matrix

~ C++ Coding
~ *Open, read and write a file in C++
- *Dynamical arrays




Refresh Pre\/ious sessIonN
Forward ditference formula

J(x +h) = f(x)
h

J(x) =

Backward ditference formula

f(x) — flx — h)
h

Central ditference formula

Jx+h)—f(x—h)
2h

fx) =

@) =
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Numerical ditferentiation
for? points (X0» X + h, Xo + 2h)

h? h’
Jxog + 1) = f(xg) + hf'(xy) + 7][ "(xg) + ?f "(xp)

4h>
fxg + 2h) = fxy) + 2hf (xy) + 2h*f"(xy) + r %)

Af(xy) + Bf(x, + h) + Cf(x, + 2h)

h2

- Afx) 1B (f(xo) + hf () + 7f"<xo>> + C (o) + 2hf (x) + 20 (xp)
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Numerical ditterentiation

Central ditference formula

= A+ B+ O)f(xy) + (B +20)hf'(xy) + (g o 2C) hf'(xy)

A+B+C=0 (eliminate the constant term (X))
B+ =1 (ensure the coeHicient of f(xy) is correct)
g +2C =0 (eliminate the second derivative term £(x,))

3 1
A=——, B=2, (C=-——
2 2

—3f(xy) + 4f (g + ) — fxg + 25)
2h

f(x) &

SO - —rE— e —r. Mo



2nd order

Forward ditference formula

| et take again two Points (X0, Xg + h) ; we want to calculate (x)

2 I fx) = w and f(x, + h) is given 139:

h2
eq. 2 flx+h) = f00) + B () + =) + O(h?)
thereicore:
2
g5 f'&) = — (flx + h) — fix) — hf' (x))
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2nd order

substituting eq.l into eq. 2

7, h) —
S RO (f<x + ) = f - - EEE D =IO (x))
which simplitg to:
f'x)=0

Th is demonstrates that we need at least three Poi nts to estimate f"(x) correctlg.
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Correct 2nd order calculation

Forward difference formula
Let take 3 Points (X0s X + h, Xo + 2h)

f/(x) ~ f(’x() + h})l _f(’x())

(h)’
6

2h)? 2h)?
( 2) ) + ( 6)

fm(-x()) 4 0(h4)

h2
fxo + 1) = flxg) + Af (%) + 7]‘ "(Xp) +

J(xg + 2h) = f(xg) + 2hf'(xp) + Fdxg) + 0(h4)

we can write again

f(xg) = Af(xy) + Bf(xy + h) + Cf(xy + 2h)

e _onemema . e VoM S
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Correct 2nd order calculation

Forward difference formula

h? h
= Af(x,) + B ( fxd + W)+ o i+ ?f”’(xo))

4h? 8he 4
+C | fxp) + 2hf'(x,) + Tf (x) + Tf (xp) | + O(h™)
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Correct 2nd order calculation

Forward difference formula

Now regroul:)ing the terms we have:

(A + B + O)f(xy) + (B + 2C)hf'(xy) + (? £ ZC) h2f(x,)
SOlving for (A B C)

AL BIC=0 (eliminate the constant term f(x,))
B+ =0 (eliminate f'(xp))
% £ 20 =1 (ensure the coeeticient for f/(x,))




Correct 2nd order calculation

Forward diHference formula

J(xg) — 2f(xg + h) + f(xy + 2h)

f//( Xo) ~ h2
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2nd order calculation

Central ditference formula
Let take 3 points Xy — h, Xy, Xo + 1)

y (h)2 /) (h)3 1/ 4
J&x +h) = f(x) + hf(x) + Tf (x) + Tf (x) + O(h”)

/ (h)2 /7 (h)3 1/ 4
Jx —h) = f(x) — hf'(x) + Tf (1) = Tf (x) + O(h™)
We can add the eq. 2 to the eq. ]

%
Jx+h) + fx —h) = 2f(x) + Z(hT)f "(x) + O(h*)

and obtain

h 2
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2nd order calculation
Central difference formula

From the Previous calculation we obtain

(i
sz (x) & fx + h) + f(x — h) — 2f(x)

Jx +h) = 2f(x) + f(x — h)
h?2

Jx +h) = 2f(x) + f(x — h)
h?2

)~

f//(x) ~




2nd order calculation

Forward ditference formula

Central ditference formula

Backward ditference formula (%) =

RS AR P A e n A o T VO

3 » 3 - ) NI ’m TN o 2 YA N

Summary

1 (x) &

h?2

J(x0) = 2f(xg + 1) + f(xy + 2h)

Jx+ h) = 2f(x) + f(x — h)

f(x) -

J(xg) — 2f(xg — h) + f(xg — 2h)




Task .

Task 5.1: Der1ving the Third-Order Finite Difference Formulas
eBackward ditference formula - APProximate 1" (xy) using function values

(0 X — Xy — 2h, s — 3h0).

Forward ditference formula - APProximate 1" (xy) using function values

at (xy, Xo + h, xy + 2h, x5 + 3h)

«Central ditference formula - Approximate f7(xy) using function values at

(X9, X9 — N, Xg + h, X9 + 2h)

- —— A



Task 4.2

Modity the numerical differentiation program to compute the first-order, second-order, and third-order
derivatives of the sin(x) function using finite difference methods. The program should allow the user to
define step size reduction dynamically.

Instructions:

I.User inl:)ut

*« AN angle In clegreej which will be converted in radians

eThe starting stel:) h=1.

eThe number of iterations N, determining how h will be reduced

2 Numerical implementation

e 2nd order (central difference formula)
e 2nd order (backward ditference formula)
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.. Coml:)utation details

e The program will reduce h at each step by a fraction determined ]:)3 the user.

e The program should store the aPProximation values of the 2. methocls, and thc
corresponcling error '

4. Error analgsis

e The program should calculate the absolute error

o The Program should calculate the relative error

o Outl:)ut

o The Pr{';cl)gram shoulcl clisplay the results on the screen and write these
N .csv nie

e The output should include: Iteration numbers, the step size h, approx for
the order methocls, absolute and relative errors.
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Percentage error
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Task 4%

Extend the Previous program and evaluate the derivative over an

interval [a,b] using h=0.00!.
elnstead of enteringa value for X, the user should enter a range [a,b]

N clegrees. -

eThe program will coml:)ute the derivatives at every interation stc—:l:) (G

b) /N where N is the number of iteration or divisions.
-Rel:)eat Writing and outl:)ut for all aPProximate methods.

ewrite the errors (relative and abolute values) for each aPProximation







