MTH2003 Complex Analysis Notes 4

CAUCHY'S THEOREM

IJ a func’cion f(z) IS analytic and J('I(Z) is Cohtinuous ot each Ppoint

Within and on a simple closed contour y , then

%-I-’(z) dz =0
)

Proo)(: We know that

% f)dz = §(uclx -vdy) + itf(deHAdy)
¥ ¥ ¥

S. / . . . . .
nce §{z) 1S Contthuous , the Partml derivatives of U and VvV ove

continuous  and Greens TTheorem applies

%g(z)dz = If(_ g% - %) dxdy -l-ig %_; - %\;) dxd)l
r

Since 5(2) (s analytic, the Cauck\/—?ie.mann ec,uo.\:ions hold | so that

WU — 9V and own
% oY oy

-

- oV
oX
and &\r\erejore

%f_(z) dz =
3
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Rema vKs:

= This theorem Predic’cs the result of the previous example :

Yy 1
§ szz =0' where C-= C‘+C2‘\'C3

as 2? is analytic.

- -.[t imPlGQS that the de)(-inite nregral of an amalx,tic fvmcﬁov\ s

independent of the path-.
Y
J2

Along the. closed curve ¥=8"82 »

%f(z)c\z = fflz)dz - ff(z)dz =0 , so ff(z)dz - ff(z)dz
3rda ] 82 B L)

- Fur{hermore, if £(2) is continuous and ;f(z)dz=o for every simple closed

Contour § in @ domain D | we can integrate directly with respect t0 Z.

eq. o .
_ -\ _ :
szz--[z] 3 lH)-%..Z?’L ,

)

as found in the final step of that exanmple .

_ \ a2 )
Zdz=-2mR , where C is a circulay

- Lr\ the example.: f
C

conrour Of radius R)j)idz IS non-zevo because )((z)=2 S

nowhere oanalytic. ¢
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Deformation of the contour

-1 : : ;
I‘n t\'\e examplefJ’ z dz = 21TlJ where C s a circwlar conrour
C of radius R,
. - o - . ‘ . .
the Integral is Mon-Zero agawm, since )((z)= S is Mot analyiic

ot each poin’c within C. The orig'm must be excluded.

h‘i J\Y

?{CI’OSSCH':

2

A (7

N TR
o

Cz
Or'v.a'ma.k Contour C New conkour (excludes the orisiﬂ
Cincludes the oriﬁ'm.) - Ca% Li+\, - =

Q
, . . o !
The funcrion E(z\:_li iS mow analysic everywhere within C' .
SOJ by Cauchy's Theorem :

JCJZ.A—,::o , or
C

§ 2z + jZ_'dz + gz"dz - fz-idz =0
C L

2 1 L, <

- 45 the width of the Crosscur —> O, the integrals on L, and L2

>« cancel because Lz"’“LL . So the above relaxion
I'MPlies tl'mt

%z"dz = fz“dz
C C

2 |

althovgh ¢ and <z have diff erent radius .
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It was founc.\ (by contour in+egratiun along drt)-.;e"*)thf

-)
|

The concept of deformation

Functions ,like L that are mot entirely analytic on the domain
enclosed by x Cannot follow Couchy's Theorem. However, we avoided
the oriain by .follcwiha the. Corouv C' and Sl'\rinkimj its crosscut. [his

strateqy , when aeneralised, gives the followi\nﬂ vesult:

[{D ),

Lex f be analytic on D. D has a hole and therefore does ot
contain the intecior 0f +he Curves g, 82 The curves ¥, Yz ore

supposed to be simple and closed. Then:
}f(z)dz = J( f{z)dz
N 32

i\mP\yinﬁ that +the integral is the same alm«g any simPle closed

(anti-clockwise) Curve 3 enclosing the hole.

This process is called de}ormal-ion because B can be dej.ormeal to

%2 without aﬁec&'\ng the inteara(_.
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ExAMPLE  Evaluate I=§ de for mer2,3,

o (z-0)M

where Cis a simple closed contour,

Case | = C does not enclose a. Since f2) is analytic ¥z #a,
we have thatr T=0

. by Cauchy's theorem.
o C

Case 2: C encloses a. . Follr.'wfnﬂ the earlier process

f}t + )(_,_ff _f)c =0, by Cauchy’s Theorem
C L, Ly c

f)f(z)dz = f{(zﬁdz )
< ¢

© R
lo evaluate )(fz\ch,we let z-a=re dz=ire do.

and soO

‘ZTI' 'e 2“'
—ﬁl-en, 1= f; dz :[ L __ire d9='f r* exp(-i(m-1)0)d0 .
G Gr ‘ P

2w 2w
® When m=), I=i[e°r°de= i/do: 2
0

(/]

27
® when m#) I- [-i exp(-i(m-1)6) r’m“] - -y [L-l]z 0
0

t(m-1) wm- 1\

Remark: I\S non- 2evo ov\ly when mz=) | We will )(ocus on this
'—\/\M

vesult larer,
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Cauchy's Int-egral. Formula

Cauchy3 Theorem yields Cauchys inregral focwula , which we discuss heve.

7 The domain with mo “holes” is called Simply connected :

C D (oD

S]mp\s; cownec+ed 'V\On-simp\y connec+ed .

“» Any simple closed curve that does Mot enclose a “hole” we say that
\5 \-\.omo-top'ac X0 a point. Formal\y,we say that it wn be

continuously deforwed o a point.

15 ‘6 encloses a ho\e) (annok

shinK 10 a poink:
@ ond is not homotopic
? o a point.

C@AC}\ _tj_lS Im— egra L Formula

Lev f be analytic on a regjionD enclosed bxj a simple closed

Curve a Tl:\an, at any po'm’c Zon D,

}(Zo\ Bod. J’ f g,
ra i 62-20

Remark: The conditions of the theorem imply that D is a

simply connecred reg'aon and that ~6'1s homotopir. to a point.
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Pf'oof

Consider a small circle Bﬁ with yadius € and centre at Zo .

Since {IZ‘J is analytic for Z#Zo) we Can deform B L nto b’e ond

2-20

1@ 4, 26 12 4,
2—20 Z-Zo

3 Je
AY\ equqtic)n for BE‘ s |Z-Zo\ =E_. or
Z-Zo=Ee.‘(f 5 with 0.‘.({42Tl' ;

We then have z=Zo+e€'! and dz:ieeﬂfd?’ )

so that 2m , : el _
f@ dz = | f(Zote e‘f')ie e'f dy = i |flZo+ ee'l) do .
Z-Zo ce'? A

3 %

S,-nce the two integrals fj—_ f_at__ ave €qual

Az’ Yy

§ Ye

2T '
_fﬁ)_ T ;‘(zone‘?)d(f )
Z-Zq A
3

lhe radius ¢ of the small circle can be as small as we like , So

2N 2T
(2) - ' L it
{Zg_zo dz =i- Er:o fﬂZo'rte dYdp =i lflnof(zaee ) dip
5 0

2n
= [f{zo)dt‘a (since £ s Con-t-inums)
0

27
= l{'(Zo)JdSo = 2T ffzo)

0

L Z-20

Then.
]f(zo)= _l__§ JC{Z) dz as requi red.
27
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—
o |he theorem weans that the values of an analytic function

inside a simple closed curve are entirely .}ixecl by its values
on the boundary (the points of the curve )

° Cauc\ny's i,ntegfaL fo(muta coan replace integration by
evaluation of a func-tion (see the examples below).

ExAmMPLE Evaluate }; 52-2 dz, where C is the
z-1

Circle 1z1=2.

~Here, f(z)=52-2, which is analytic on C.
- Also , z=1 lies within the contour | so we can use Cauchy's
imeﬂral formulai

% f_(z) dz = 2ﬂif—(|)=2ﬁi(5-1—2) = 6T
z-1

EXAMPLE Evalucde Lclz , where C is the
Cz’-sz+6

Civcle 1z|=5.

_ﬁle partial ]fracﬂon {ovm of ; is ! \

Z%_52+6 z-3 Z-2

( 2,=3 z,=2 are the cooxs of z%5724+6 ond then we

solve ‘ - A + B with respect to A and B)
z®-5z2+6 z-3  Z-2
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Also ]C(z)=eZ So,
A
f e dy = %idz _f ¢
C22—5z+6 cZ°3 c 27
= 2m (63- ez)

dz = 21Ti5:(3) - 9wif(z>

Remark : Notice that in all of the above examples the value of the radius K

of the circle 1z]=R does mot enter in the integral evaluation process.

Cauchy's lhtearal Formu.la for derivatives

We can clifferentiate Cauchy’s integral formula with respect 4o Zo

to )Cind
](’(za 4 j(_ﬂ_ dz
mi | (z-20)%
§
and
f Y20 =2 cf @ 4y
v (i ('Z 20)3

§
Suppose that
(k) "
f(Zo) ::T { - z)k“"
§
Dth(erent\atmj )((Zo) we fmd

(K+1)
J) = (ke f@ 4z
J( (20) = Zni f(Z-zo)"“Z
§

() \ i
]( (2o -Zm (z- Zo)k'”
J

and by induction
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EKAHPLE EVa\.ua{-e fi dz , where C is the
C

@+

Cicle 1z|=3.

Let )((z)z ezz) Zo=-1 and k=3 in Cauchy$ meegral formvula slor

the derivatives :

(z+ )4 T o2m

]((3%:;! f_f_m dz - il_f e” 4
;

or

2 . )
e*® dz = 2m. ((33‘). Sol we only meed o .S-hr\d g((:) )
(z+1)" 3

¥
Ts is: y'(z3= ze** 5:"(7-3 -ue€®  and jfm(a: Be "

SO ’C(%)(-\ = 86_2 , and

)

2 . - -

e” 4z = 2mi ge? - gmie’l
(z+ )M 3! 3

§
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Cauchy's Estimate or Cauchys lnequal,ities
T\r\ese 'mea‘ual{{-ies give on uppel bound on the wagnixude o f deqivorves .

Given Cauchy's integral formula for the derivatives

)( (zo) =k ]( dz (1
(z- Z)k”
.1

where % \s the circle lz—2°\=R) we suppose that f:'D—y(l: is
bounded for all z ony , e.

|!Y11)|<M , ¥z such thas |z-2ol = R
D

Ii- turns out that alwl derivatives Of -f at Zo

are also bounded and in particular :

| (k) 2| ¢ k!f:i ,  for any k=0,1,2,...
R
From (1) we have
| Wl ¢ % lf2)] |42
X}Z‘ Zo'
¢kl M ldz|
2n R™ ¥
Z KI M .2mrR = IM




